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Abstract
For a graph G, we consider D ⊂ V (G) to be a porous exponential dominating set if 1 ≤
∑
d∈D(
1
2
)d(d ,v)−1
for every v ∈ V (G), where d(d ,v) denotes the length of the smallest d v path. Similarly,
D ⊂ V (G) is a non-porous exponential dominating set is 1 ≤
∑
d∈D
(
1
2
)d(d ,v)−1
for every v ∈ V (G),
where d(d ,v) represents the length of the shortest d v path with no internal vertices in D. The porous
and non-porous exponential dominating number of G, denoted γ∗e (G) and γe(G), are the minimum
cardinality of a porous and non-porous exponential dominating set, respectively. The consecutive
circulant graph, Cn,[ℓ], is the set of n vertices such that vertex v is adjacent to v ± i mod n for each
i ∈ [ℓ]. In this paper we show γe(Cn,[ℓ])= γ
∗
e (Cn,[ℓ])=
⌈
n
3ℓ+1
⌉
.
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1 Introduction
Classical domination in graphs is a well studied area within graph theory. For a graph G , we consider
D ⊂ V (G) to be a dominating set if every member of V (G) \D is adjacent to at least one member of D.
The domination number of G , denoted γ(G), is the minimum cardinality of a dominating set. Define
w : V (G)×V (G)→ R to be a weight function of G . For u,v ∈ V (G), we say that u assigns weight w (u,v)
to v . Denote the weight assigned by a set of vertices D to v as w (D,v) :=
∑
d∈D w (d ,v), and similarly,
the weight assigned by d ∈ D to H ⊂ V (G) as w (d ,H ) :=
∑
h∈H w (d ,h). The pair (D,w ) dominates G if
w (D,v)≥ 1 for every v ∈V (G). In the contex of classical domination, the pair (D,w ) dominates G where
D is a dominating set and w is the following function:
w (u,v)=
{
1 if u ∈D and uv ∈ E (G)
0 otherwise.
A variant of domination, called exponential domination, was first introduced in [5]. Theirmotivation
was to create a framework for a particular type of distance domination, one that would better model real
world situations in which the influence of a selected vertex on other vertices decreases exponentially
as their distance increases. There are two types of exponential domination; non-porous and porous.
In non-porous exponential domination, exponential dominating vertices obstruct the influence of each
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other, whereas no there is no such obstruction in porous exponential domination. More formally, the
weight function for non-porous exponential domination is
w (u,v)=
(
1
2
)d(u,v)−1
,
where d(u,v) represents the length of the shortestuv path that doesnot contain any internal vertices that
are in the non-porous exponential dominating set. The non-porous exponential domination number
of G , denoted by γe(G), is the cardinality of a minimum non-porous exponential dominating set. The
weight function for porous exponential domination is
w∗(u,v)=
(
1
2
)d(u,v)−1
,
where d(u,v) represents the length of the shortest uv path. The porous exponential domination number
of G , denoted by γ∗e (G), is the cardinality of a minimum porous exponential dominating set.
Notice that exponential domination differs from the other variants of domination discussed in [6]
due to the global influence exponential dominating vertices have on V (G), whereas the dominating ver-
tices of the variants of domination have amore local influence. The relatively few results [1, 2, 3, 4, 5, 7, 8]
in this area has been attributed to the difficulty of working within the global nature of exponential dom-
ination. On relating exponential domination to classical domination, it is known that [5]
γ∗e (G)≤γe (G)≤ γ(G). (1.1)
Let [n] = {1,2, . . . ,n}. The consecutive circulant graph, Cn,[ℓ], is the set of n vertices such that vertex v
is adjacent to vertex v ± i mod n for each i ∈ [ℓ]. Notice that Cn,[1] is equivalent to Cn and Cn,
[
⌊ n2 ⌋
] is
equivalent to the complete graph Kn . The following proposition gives an explicit formula for γe (Cn).
Proposition 1.1. [5] For every integer n ≥ 3,
γe (Cn)=
{
2 if n = 4⌈
n
4
⌉
if n 6= 4.
No such formula has been determined for γ∗e (Cn). In this paper, we show that that the porous and
non-porous exponential domination number ofCn,[ℓ] are equivalent. Furthermore, in Theorem1.2when
ℓ = 1 and m ≥ 2, our results align with Proposition 1.1 and fills the gap to γ∗e (Cn). For the sake of sim-
plicity, we will now refer to porous exponential domination as exponential domination, unless stated
otherwise.
We still need a fewmore definitions and notation. Let H be theHamiltonian cycle ofCn,[ℓ], where the
vertices v,v +1 mod n form an edge. Label the vertices ofCn,[ℓ] in the order of H asVH = {0,1, . . . ,n−1}.
For 0≤ i , j ≤ n−1, we denote dH (i , j ) to be the length of the shortest path from i to j on H . See Figure 1.1
for an illustration of C8,[2], with the defined labeling. With respect to V (Cn,[ℓ]), denote the interval [i , j ]
as the set of increasing consecutive integers modulo n from i to j . Let I =
⋃m−1
i=0
Ii be the consecutive
partition around H . For any exponential dominating set D, let fk (D,I ) := |Ik∩D|. Also define z(D,I ) :=
{i : fi (D,I )= 0}, Z (D,I ) := |z(D,I )|, and f
∗(D,I ) := max
0≤i≤m−1
fi (D,I ).
Our main result is the following theorem, whose proof is shown in Section 2.2 .
Theorem 1.2. Let n = (3ℓ+1)m+ r, for 0≤ r ≤ 3ℓ. Then
γ∗e (Cn,[ℓ])=γe (Cn,[ℓ])=
⌈ n
3ℓ+1
⌉
.
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Figure 1.1: An illustration of C8,[2]
Wenow give a brief outline of the proof for Theorem 1.2. Through the use of the remarks and lemmas
in Section 2.1, we show that the above equality holds when (3ℓ+1) divides n. Additionally, the structure
of the exponential domination set in this case is shown to be unique up to isomorphism. Themain result
is proven by exploiting the uniqueness of the exponential domination set when (3ℓ+1) divides n, and
applying (1.1).
2 Exponential domination of consecutive circulants
In this section we prove Theorem 1.2, which determines the explicit non-porous and porous exponential
domination number of Cn,[ℓ], and shows that these numbers are equivalent. In the first subsection, we
remark on minor results and provide lemmas used to prove the main results. The main results and their
proofs are given in the second subsection.
2.1 Minor Results and Lemmas
The following remarks and lemmas appear in the order they are referenced in the proofs of Theorems
2.12 and 1.2.
Remark 2.1. Consider u,v ∈ V (Cn,[ℓ]). Throughout the paper, there will be a need to refer to d(u,v).
Notice that,
d(u,v)=
⌈
dH (u,v)
ℓ
⌉
.
Remark 2.2. Suppose that [a,b] is an interval on H such that a < b and dH (a,b)≤ 3ℓ+1. For notational
simplicity, consider the interval [0,3ℓ+1]. Then 0 and 3ℓ+1 dominates [1,ℓ] and [2ℓ+1,3ℓ], respectively,
and both 0 and 3ℓ+1 contribute weight 12 to [ℓ+1,2ℓ]. Therefore [0,3ℓ+1] is exponentially dominated
by 0 and 3ℓ+1. This shows that a,b exponentially dominates [a,b].
Remark 2.3. For n = (3ℓ+1)m, with m ≥ 2, let D be a minimum exponential dominating set for Cn,[ℓ].
Fix vertex i ∈VH and construct set D
∗ = {i + (3ℓ+1)t mod n : 0≤ t ≤m−1}. Through the application of
Remark 2.2, D∗ forms an exponential dominating set for which |D| ≤ |D∗| =m.
Remark 2.4. Let D be a minimum exponential dominating set forCn,[ℓ]. From Remark 2.3, we have that
|D| ≤ m. Therefore, for every interval Ik with fk (D) > 1, there must exist fk(d )−1 distinct intervals that
contain no members of D. This shows that
∑m−1
k=0
fk (D)≤m.
3
Inmany of the cases for the proof of Theorem1.2, an exponential dominating set D can be reduced to
having at least one interval with nomembers of D and the remaining intervals with exactly onemember
of D. The following lemma gives results on D in this situation.
Lemma 2.5. Let D ⊂V (Cn,[ℓ]) andI be a partition such thatI =
⋃m−1
i=0
Ii , where Ii = [(3ℓ+1)i , (3ℓ+1)i+
3ℓ] such that f ∗(D,I ) = 1 and Z (D,I ) ≥ 1. Let di := Ii ∩D for 0 ≤ i ≤ m−1, and consider z ∈ z(D,I ).
Then,
(i) w∗(D, (3ℓ+1)z+ℓ)< 6
7
and w∗(D, (3ℓ+1)z+2ℓ)< 6
7
,
(ii) w∗(D \dk , (3ℓ+1)z+ℓ)<
17
28 and w
∗(D \dk , (3ℓ+1)z+2ℓ)<
5
14 , for k ≡ z+1 mod m,
(iii) w∗(D \dk , (3ℓ+1)z+ℓ)<
5
14
and w∗(D \dk , (3ℓ+1)z+2ℓ)<
17
28
, for k ≡ z−1 mod m.
(iv) w∗(D \dk , (3ℓ+1)z+ℓ)<
377
448 and w
∗(D \dk , (3ℓ+1)z+2ℓ)<
185
224 , for k ≡ z+2 mod m,
(v) w∗(D \dk , (3ℓ+1)z+ℓ)<
185
224 and w
∗(D \dk , (3ℓ+1)z+2ℓ)<
377
448 , for k ≡ z−2 mod m.
Proof. Let I be the partition such that I =
⋃m−1
i=0
Ii , where Ii = [(3ℓ+ 1)i , (3ℓ+ 1)i + 3ℓ]. For the sake
of simplicity, let f (D) = f (D,I ), f ∗(D) = f ∗(D,I ), z(D) = z(D,I ), and Z (D) = Z (D,I ). Without loss
of generality, suppose that 0 ∈ z(D). Then the interval I0 has f0(D) = 0. Among such D, choose D
′ to
maximize w∗(D ′,2ℓ) and let k0 =
⌊
m
2
⌋
. Then the choice of D ′ implies that
Ik ∩D
′
=
{
(3ℓ+1)k for k ≤ k0
(3ℓ+1)k +3ℓ for k > k0.
Consider k ≤ k0 and notice that dH (2ℓ, (3ℓ+1)k)= (3ℓ+1)k −2ℓ= (3k −2)ℓ+k . By Remark 2.1,
d(2ℓ, (3ℓ+1)k)=
⌈
(3k −2)ℓ+k
ℓ
⌉
= 3k −2+
⌈
k
ℓ
⌉
. (2.1)
Using the fact that 1≤
⌈
k
ℓ
⌉
, it follows that
k0∑
k=1
w∗(Ik ∩ (D
′ \P ′1),2ℓ) =
k0∑
k=1
(
1
2
)d(2ℓ,(3ℓ+1)k)−1
<
∞∑
k=1
(
1
2
)d(2ℓ,(3ℓ+1)k)−1
=
∞∑
k=1
(
1
2
)3k−3+⌈ k
ℓ
⌉
(2.2)
≤
∞∑
k=1
(
1
2
)3k−2
=
1
2
∞∑
t=0
(
1
2
)3t
=
4
7
.
Now consider k > k0 and let k
′ =m−k . Then with respect to VH ,
dH (2ℓ, (3ℓ+1)k +3ℓ) = dH ((3ℓ+1)m+2ℓ, (3ℓ+1)k +3ℓ)
= (3ℓ+1)m+2ℓ− (3ℓ+1)k −3ℓ
= (3k ′−1)ℓ+k ′.
Again, applying Remark 2.1 gives,
d(2ℓ, (3ℓ+1)k +3ℓ)=
⌈
(3k ′−1)ℓ+k ′
ℓ
⌉
= 3k ′−1+
⌈
k ′
ℓ
⌉
. (2.3)
Notice since k and k ′ are counters, (2.1) and (2.3) only differ byℓ. Furthermore, k summing from k = k0+1
to m−1 is the same as summing k ′ from 1 to m−k0−1, which equals k0 or k0−1. Therefore we have
shown that
w∗(D,2ℓ) ≤ w∗(D ′,2ℓ) <
3
2
k0∑
k=1
w∗(Ik ∩D
′,2ℓ) <
6
7
.
Applying a symmetric argument gives that w∗(D,ℓ) < 6
7
, and (i) has been established. Let d ′
k
:= Ik ∩
D ′ and observe that w∗(D \dk ,ℓ) ≤ w
∗(D ′ \d ′
k
,ℓ) and w∗(D \dk ,2ℓ) ≤ w
∗(D ′ \d ′
k
,2ℓ). Notice that by
construction, d ′1 = 3ℓ+1 and d
′
2 = 6ℓ+2. Then applying
dH (d
′
1,ℓ) = 3ℓ+1−ℓ = 2ℓ+1,
dH (d
′
1,2ℓ) = 3ℓ+1−2ℓ = ℓ+1,
dH (d
′
2,ℓ) = 6ℓ+2−ℓ = 5ℓ+2,
dH (d
′
2,2ℓ) = 6ℓ+2−2ℓ = 4ℓ+2,
with Remark 2.1, and the fact that 1=
⌈
1
ℓ
⌉
and 1≤
⌈
2
ℓ
⌉
≤ 2 yields
w∗(d ′1,ℓ) =
(
1
2
)d(3ℓ+1,ℓ)−1
=
(
1
2
)1+⌈ 1
ℓ
⌉
=
1
4 ,
w∗(d ′1,2ℓ) =
(
1
2
)d(3ℓ+1,2ℓ)−1
=
(
1
2
)⌈ 1
ℓ
⌉
= 1
2
1
64 ≤ w
∗(d ′2,ℓ) =
(
1
2
)d(6ℓ+2,ℓ)−1
=
(
1
2
)4+⌈ 2
ℓ
⌉
≤
1
32 ,
1
32
≤ w∗(d ′2,2ℓ) =
(
1
2
)d(6ℓ+2,2ℓ)−1
=
(
1
2
)3+⌈ 2
ℓ
⌉
≤
1
16
.
Therefore,
w∗(D \d1,ℓ) ≤ w
∗(D ′ \d ′1,ℓ) <
6
7
− w∗(d ′1,ℓ) =
17
28
,
w∗(D \d1,2ℓ) ≤ w
∗(D ′ \d ′1,2ℓ) <
6
7 − w
∗(d ′1,2ℓ) =
5
14 ,
w∗(D \d2,ℓ) ≤ w
∗(D ′ \d ′2,ℓ) <
6
7 − w
∗(d ′2,ℓ) =
377
448 ,
w∗(D \d2,2ℓ) ≤ w
∗(D ′ \d ′2,2ℓ) <
6
7 − w
∗(d ′2,2ℓ) =
185
224 .
Therefore (ii) and (iv) have been verified. Observe that (iii) and (v) are a symmetric arguments to (ii) and
(iv), respectively.
Given an exponential dominating set D, the following algorithm details the process in how to con-
struct a new exponential dominating set of the same size. With respect to D, this new exponential dom-
inating set has less intervals that contain no exponential dominating vertices, or has less exponential
dominating vertices contained in each interval.
Algorithm 2.6. Consider D, an exponential dominating set for Cn,[ℓ], and the partition I such that
I =
⋃m−1
i=0
Ii , where Ii = [(3ℓ+1)i , (3ℓ+1)i +3ℓ]. For the sake of simplicity, let f (D) = f (D,I ), f
∗(D) =
f ∗(D,I ) and Z (D) = Z (D,I ). Suppose that 3 ≤ f ∗(D). Observe that by Remark 2.4, Z (D) ≥ 2. Without
loss of generality, assume that for 0 < b ≤ m, the intervals I0 and Ib have that f0(D) = fb(D) = 0. Find
the interval Ia such that a =min{1,2, . . . ,b−1} and fa(D) ≥ 3. Furthermore, assume that the remaining
0< i < b have fi (D)≥ 1. Without loss of generality suppose that a ≤ b−a (use a reflection if necessary).
Observe that there are at least f ∗(D)+b−2 exponential dominating vertices contained in [0,(3ℓ+1)b+3ℓ].
We identify the three closest members of Ia∩D to (3ℓ+1)a+2ℓ, and the closest member to (3ℓ+1)i +2ℓ
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within Ii ∩D for 1≤ i 6= a ≤ b, to be defined as P = {d0,d1, . . . ,db} for which
di ∈


Ii+1∩D if 0≤ i ≤ a−2
Ia ∩D if a−1≤ i ≤ a+1
Ii−1∩D if a+2≤ i ≤ b.
Then define S = {s0, s1, . . . , sb}, such that st = (3ℓ+1)t +2ℓ, and output the set D
′ = (D \P)∪S.
Lemma2.7. Given an exponential dominating set D ⊂V (Cn,[ℓ]), and the partitionI so thatI =
⋃m−1
i=0
Ii ,
where Ii = [(3ℓ+ 1)i , (3ℓ+ 1)i + 3ℓ] and 3 ≤ f
∗(D,I ) ≤ 3ℓ+ 1, Algorithm 2.6 outputs the exponential
dominating set D ′ such that |D| = |D ′|, Z (D ′,I )= Z (D,I )−2, and f ∗(D ′,I )−2≤ f ∗(D ′,I )≤ f ∗(D,I ).
Proof. For the sake of simplicity, let f (D) = f (D,I ), f ∗(D) = f ∗(D,I ) and Z (D)= Z (D,I ). Notice that
by construction, |D| = |D ′| and dH (si , si+1) = 3ℓ+ 1 for each consecutive pair si , si+1 ∈ S. Through ap-
plications of Remark 2.2, all the vertices in [s0, sb] are exponentially dominated by vertices of S. Let
V ′ =V (Cn,[ℓ]) \ [s0, sb]. We define VL = {v ∈V
′ : dH (v,da+1)≤ dH (v,da+1+1)} and VR =V
′ \VL . There are
four cases:
1. Consider the case when v ∈ VL . Then w
∗(di ,v) ≥ w
∗(di+1,v) for 0 ≤ i ≤ b − 1. By construction,
w∗(da−2,v)+w
∗(da−1,v)≤ 2w
∗(da−2,v)≤w
∗(sa−2,v) and w
∗(da ,v)+w
∗(da+1,v)≤ 2w
∗(da ,v)≤
w∗(sa−1,v). Additionally, w
∗(di ,v) ≤ w
∗(si ,v) for 0 ≤ i ≤ a − 3 and w
∗(di ,v) ≤ w
∗(si−2,v), for
a+2≤ i ≤ b. Figure 2.1 visually shows that w∗(P ∩D,v)< w∗(S,v). Then putting it together gives
that
w∗(P ∩D,v) =
a−3∑
k=0
w∗(dk ,v) +
a−1∑
k=a−2
w∗(dk ,v) +
a+1∑
k=a
w∗(dk ,v) +
b∑
k=a+2
w∗(dk ,v)
<
a−3∑
k=0
w∗(sk ,v) + w
∗(sa−2,v) + w
∗(sa−1,v) +
b−2∑
k=a
w∗(sk ,v)
< w∗(S,v).
I0 I1 I2 I3 I4 I5 I6 I7
; d0 d1 d2,d3,d4 d5 d6 d7 ;
s0 s1 s2 s3 s4 s5 s6 s7
Figure 2.1: Illustration of Case 1 with a = 3,b = 7
2. Consider the casewhen v ∈VR such that w
∗(di ,v)≤w
∗(di+1,v) for 0≤ i ≤ b−1. ThendH (da+1, sa+1)≥
2ℓ+ 1, which implies that
∑a+1
k=a−1
w∗(dk ,v) ≤ 3w
∗(da+1,v) < w
∗(sa+1,v). Also by construction,
w∗(di ,v)≤ w
∗(si+2,v), for 0≤ i ≤ a−2 and w
∗(di ,v)≤ w
∗(si ,v), for a+2≤ i ≤ b. Figure 2.2 visu-
ally shows that w∗(P ∩D,v)<w∗(S,v). Then it follows that
w∗(P ∩D,v) =
a−2∑
k=0
w∗(dk ,v) +
a+1∑
k=a−1
w∗(dk ,v) +
b∑
k=a+2
w∗(dk ,v)
<
a∑
k=2
w∗(sk ,v) + w
∗(sa+1,v) +
b∑
k=a+2
w∗(sk ,v)
< w∗(S,v).
6
I0 I1 I2 I3 I4 I5 I6 I7
; d0 d1 d2,d3,d4 d5 d6 d7 ;
s0 s1 s2 s3 s4 s5 s6 s7
Figure 2.2: Illustration of Case 2 with a = 3,b = 7.
3. Consider the case when v ∈ VR such that w
∗(di ,v) ≥ w
∗(di+1,v) for 0 ≤ i < a and w
∗(di ,v) ≤
w∗(di+1,v) for a+1≤ i < b−1. By construction, w
∗(da−1,v)+w
∗(da ,v)≤ 2w
∗(da−1,v)≤w
∗(sa−1,v).
Additionally we have that w∗(di ,v)≤w
∗(si ,v), for 0≤ i 6= a−1,a ≤ b. Figure 2.3 visually shows that
w∗(P ∩D,v)<w∗(S,v). Putting it together gives
w∗(P ∩D,v) =
a−2∑
k=0
w∗(dk ,v)+
a∑
k=a−1
w∗(dk ,v)+
b∑
k=a+1
w∗(dk ,v)
<
a−2∑
k=0
w∗(sk ,v)+w
∗(sa−1,v)+
b∑
k=a+1
w∗(sk ,v)
< w∗(S,v).
I0 I1 I2 I3 I4 I5 I6 I7
; d0 d1 d2,d3,d4 d5 d6 d7 ;
s0 s1 s2 s3 s4 s5 s6 s7
Figure 2.3: Illustration of Case 3 with a = 3,b = 7.
4. Consider the case when v ∈ VR such that w
∗(di ,v) ≥ w
∗(di+1,v) for 0 ≤ i < a −1 and w
∗(di ,v) ≤
w∗(di+1,v) for a ≤ i < b−1. By construction, w
∗(da ,v)+w
∗(da+1,v)≤ 2w
∗(da+1,v)≤w
∗(sa+1,v).
Additionally we have that w∗(di ,v) ≤ w
∗(si ,v), for 0 ≤ i 6= a,a + 1 ≤ b. Figure 2.4 visually shows
that w∗(P ∩D,v)<w∗(S,v). Putting it together gives
w∗(P ∩D,v) =
a−1∑
k=0
w∗(dk ,v) +
a+1∑
k=a
w∗(dk ,v) +
b∑
k=a+2
w∗(dk ,v)
<
∑a−1
k=0
w∗(sk ,v) + w
∗(sa+1,v) +
b∑
k=a+2
w∗(sk ,v)
< w∗(S,v).
In each instance, we have shown that |D| = |D ′|, w∗(D ′, i ) ≥ 1 for every i ∈ [s0, sb], and w
∗(D,v) ≤
w∗(D ′,v) for every v ∈ V ′. Therefore D ′ is an exponential dominating set. By construction, it follows
that I0 and Ib have that f0(D
′) = f0(D)+1 and fb(D
′) = fb(D)+1. Furthermore, all remaining Ii where
i 6= 0,b have that fi (D)= fi (D
′). Therefore Z (D ′)= Z (D)−2 and f ∗(D ′)−2≤ f ∗(D ′)≤ f ∗(D).
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I0 I1 I2 I3 I4 I5 I6 I7
; d0 d1 d2,d3,d4 d5 d6 d7 ;
s0 s1 s2 s3 s4 s5 s6 s7
Figure 2.4: Illustration of Case 4 with a = 3,b = 7.
The following lemma shows that if D ⊂ V (Cn,[ℓ]) has the property that one interval contains three
members of D, two intervals that contain no members of D, and all remaining intervals have one mem-
ber of D, then D cannot be an exponential dominating set.
Lemma2.8. Consider D ⊂V (Cn,[ℓ]) and the partitionI such thatI =
⋃m−1
i=0
Ii , where Ii = [(3ℓ+1)i , (3ℓ+
1)i +3ℓ] and f ∗(D,I )= 3. Assume that Ii , I j ⊂I are cyclically consecutive intervals for which fi (D,ℓ)=
f j (D,ℓ) = 0. Furthermore suppose that there exist Ik ⊂ I for which i < k < j and fk (D,ℓ) = 3, and all
remaining intervals It ⊂I have ft (D,ℓ)= 1. Then D cannot be an exponential dominating set.
Proof. For the sake of simplicity, let f ∗(D) = f ∗(D,I ) and Z (D) = Z (D,I ). Without loss of generality,
assume that for 0< a < b <m, the intervals I0 Ia , and Ib have f0(D)= fb(D)= 0, fa(D)= 3. Furthermore,
assume that the remaining intervals It have that ft (D)= 1. Let Ia∩D = {d1,d2,d3} andwithout loss of gen-
erality, consider d1,d2. Notice that there is exactly onemember of D \{d1,d2} in every nonempty interval,
so f ∗(D \{d1,d2})= 1 and Z (D \{d1,d2})≥ 1. By (i) of Lemma 2.5, it follows that w
∗(D \{d1,d2},ℓ),w
∗(D \
{d1,d2}, (3ℓ+1)b+2ℓ)<
6
7 . This implies that w
∗({d1,d2},ℓ), w
∗({d1,d2}, (3ℓ+1)b+2ℓ)>
1
7 . The only case
in which both conditions hold is when a = 1 and b = 2. Among such D, we choose D ′ to maximize
w∗(D ′,ℓ)+w∗(D ′, (3ℓ+1)b+2ℓ). See Figure 2.5 for an illustration of D ′. Let k0 =
⌊
m
2
⌋
+1 and consider
|
Im−1
|
I0
0 ℓ
|
I1
3ℓ+1 5ℓ 6ℓ+1
|
I2
8ℓ+2
|
I3
|
Figure 2.5: Visualization of D ′, with edges removed andmembers of D ′ colored
the case when m is odd. Then,
Ik ∩D
′
=


{3ℓ+1,5ℓ,6ℓ+1} if k = 1
(3ℓ+1)k if 2< k ≤ k0
(3ℓ+1)k +3ℓ if k0 < k ≤m.
If m is even,
Ik ∩D
′
=


{3ℓ+1,5ℓ,6ℓ+1} if k = 1
(3ℓ+1)k if 2< k < k0
(3ℓ+1)k +2ℓ−1 if k = k0
(3ℓ+1)k +3ℓ if k0 < k ≤m.
We now compute the length of the shortest path from ℓ to 5ℓ,6ℓ+1 and from 8ℓ+2 to 3ℓ+1,5ℓ. Then
notice that with respect to VH , dH (5ℓ,ℓ) = 4ℓ, dH (6ℓ+ 1,ℓ) = 5ℓ+ 1, dH (3ℓ+ 1,8ℓ+ 2) = 5ℓ+ 1, and
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dH (5ℓ,8ℓ+2)= 3ℓ+2. Using Remark 2.1 and the fact that 1=
⌈
1
ℓ
⌉
and 1≤
⌈
2
ℓ
⌉
≤ 2, it follows that
w∗(5ℓ,ℓ) =
(
1
2
)d(5ℓ,ℓ)−1
=
(
1
2
)3
=
1
8
w∗(6ℓ+1,ℓ) =
(
1
2
)d(6ℓ+1,ℓ)−1
=
(
1
2
)4+⌈ 1
ℓ
⌉
=
1
32
w∗(3ℓ+1,8ℓ+2) =
(
1
2
)d(3ℓ+1,8ℓ+2)−1
=
(
1
2
)4+⌈ 1
ℓ
⌉
=
1
32
w∗(5ℓ,8ℓ+2) =
(
1
2
)d(5ℓ,8ℓ+2)−1
=
(
1
2
)2+⌈ 2
ℓ
⌉
≤
1
8 ,
Therefore w∗({5ℓ,6ℓ+ 1},ℓ),w∗({3ℓ+ 1,5ℓ},8ℓ+ 2) ≤ 532 . Regardless of the parity of m, there is exactly
onemember of D ′ \{3ℓ+1,5ℓ} and onemember of D ′ \{5ℓ,6ℓ+1} in every nonempty interval. Therefore
f ∗(D ′ \ {3ℓ+1,5ℓ}) = f ∗(D ′ \ {5ℓ,6ℓ+1}) = 1 and Z (D ′ \ {3ℓ+1,5ℓ}), Z (D ′ \ {5ℓ,6ℓ+1}) ≥ 0. Then by (iv)
and (v) of Lemma 2.5, it follows that w∗(D ′ \ {5ℓ,6ℓ+1},ℓ),w∗(D ′ \ {3ℓ+1,5ℓ},8ℓ+2) < 377448 . Therefore
w∗(D,ℓ) ≤ w∗(D ′ \ {5ℓ,6ℓ+1},ℓ) + w∗({5ℓ,6ℓ+1},ℓ) = 447448 ,
w∗(D,8ℓ+2) ≤ w∗(D ′ \ {3ℓ+1,5ℓ},8ℓ+2) + w∗({3ℓ+1,5ℓ},8ℓ+2) = 447448 .
Putting it together gives that w∗(D,ℓ)+w∗(D,8ℓ+2) = 447
224
< 2. As it is not possible for ℓ and 8ℓ+2 to
receive sufficient weight from D ′, it follows that D cannot be an exponential dominating set.
Consider the situation when there are at most two members of D ⊂ V (Cn,[ℓ]) in each interval. The
following lemma shows that for every interval that contains nomembers of D, theremust be an adjacent
interval that contains two members of D.
Lemma 2.9. Let D be a minimum exponential dominating set for Cn,[ℓ] and I be a partition such that
I =
⋃m−1
i=0
Ii , where Ii = [(3ℓ+1)i , (3ℓ+1)i +3ℓ] and f
∗(D,I ) = 2. Then for every 0 ≤ j < m for which
f j (D,I )= 0, there exist k ≡ j ±1 mod m such that fk(D,I )= 2. Moreover, |{k : fk(D,I )= 2}| = Z (D,I ).
Proof. For the sake of simplicity, let f (D) = f (D,I ), f ∗(D) = f ∗(D,I ), z(D) = z(D,I ), and Z (D) =
Z (D,I ). Let K = {k : fk(D) = 2}. As Remark 2.3 shows that |D| ≤ m, it follows that for every k ∈ K there
must exist a distinct z ∈ z(D). Therefore we have that |K | ≤ Z (D). Let Ik ∩D = {dk ,d
′
k
} for every k ∈ K
and let P = P1∪P2 such that P1 = {d
′
k
: k ∈ K } and P2 = {dk : k ∈ K }. Without loss of generality suppose
that 0 ∈ z(D). Then the interval I0 has that f0(D) = 0. Let Dˆ be an exponential dominating set such that
f0(Dˆ) = 0, f1(Dˆ) = fm−1(Dˆ) = 1, and fi (Dˆ) = 2 for 2 ≤ i ≤ m − 2. Among such Dˆ , choose D
′ to maxi-
mize w∗(D ′,2ℓ). Let Ik ∩D
′ = {sk , s
′
k
} such that w∗(sk ,2ℓ)≤ w
∗(s′
k
,2ℓ) and without loss of generality, let
P ′1 = {s
′
k
: 2≤ k ≤m−2}. By construction, it follows that w∗(D \P1,2ℓ)≤w
∗(D ′ \P ′1,2ℓ). Notice that there
is exactly onemember of D ′ \P ′1 in every nonempty interval, so f
∗(D ′ \P ′1)= 1 and Z (D
′ \P ′1)≥ 1. There-
fore by Lemma (i) of 2.5, w∗(D ′ \P ′1,2ℓ) <
6
7
. Putting it together gives w∗(D \P1,2ℓ) <
6
7
. Let k0 =
⌊
m
2
⌋
,
then the choice of D ′ implies that
Ik ∩P
′
1 =
{
(3ℓ+1)k if 2≤ k ≤ k0
(3ℓ+1)k +3ℓ if k0 < k ≤m−2.
Consider 2≤ k ≤ k0. Then using (2.1) and (2.2), it follows that
k0∑
k=2
w∗(Ik ∩P
′
1,2ℓ)<
∞∑
k=1
(
1
2
)d(2ℓ,(3ℓ+1)k)−1
−
(
1
2
)d(2ℓ,(3ℓ+1))−1
≤
4
7
−
1
2
=
1
14
. (2.4)
Now consider k0 < k ≤ m−2 and let k
′ = m−k . Notice since k and k ′ are counters, (2.1) and (2.3) only
differ byℓ. Furthermore, k summing from k = k0+1 tom−2 is the sameas summing k
′ from2 tom−k0−1,
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which equals k0 or k0−1. Therefore using (2.4), it follows that
w∗(P1,2ℓ) ≤ w
∗(P ′1,2ℓ) <
3
2
k0∑
k=2
w∗(Ik ∩P
′
1,2ℓ) <
3
28
. (2.5)
Thus, w∗(D,2ℓ)= w∗(D \P1,2ℓ)+w
∗(P1,2ℓ)<
27
28
, which contradicts the assumption that D is an expo-
nential dominating set. Through a symmetric argument, it can be shown that w∗(D,ℓ) < 27
28
. Therefore
either 1 ∈K , or m−1∈ K . In general, this shows that for every z ∈ z(D), there exist k ∈K such that k ≡ z±1
mod m. Without loss of generality, suppose that k ≡ z+1 mod n. Then, z−1 mod n 6∈ K , else there will
exist z0 ∈ z(D) for which w
∗(D, (3ℓ+1)z0+ℓ),w
∗(D, (3ℓ+1)z0+2ℓ)<
27
28 . Thus, |K | = Z (D).
The next lemma extends the result of Lemma 2.10 by determining the location of exponential domi-
nating vertices in the intervals to either side of an interval that contains no members of D.
Lemma 2.10. Let D be an exponential dominating set for Cn,[ℓ] and I be a partition such that I =⋃m−1
i=0
Ii , where Ii = [(3ℓ+1)i , (3ℓ+1)i +3ℓ] and f
∗(D,I ) = 2. Consider the interval I j with f j (D,I ) =
0. Let k ≡ j − 1 mod m and k ′ ≡ j + 1 mod m. Then there are either two members of D contained in
[(3ℓ+1)k+2ℓ+1,(3ℓ+1)k+3ℓ] and onemember of D contained in [(3ℓ+1)k ′, (3ℓ+1)k ′+ℓ−1]|, or two
members of D contained in [(3ℓ+1)k ′, (3ℓ+1)k ′+ℓ−1] and onemember of D contained in [(3ℓ+1)k +
2ℓ+1,(3ℓ+1)k +3ℓ].
Proof. For the sake of simplicity, let f (D) = f (D,I ), f ∗(D) = f ∗(D,I ), z(D) = z(D,I ), and Z (D) =
Z (D,I ). Let K = {k : fk(D) = 2} and let Ik ∩D = {dk ,d
′
k
} for every k ∈ K . Define P = P1∪P2 such that
P1 = {d
′
k
: k ∈ K } and P2 = {dk : k ∈ K }. Without loss of generality, consider P1 and notice that there is
exactly one member of D \P1 in every nonempty interval, so f
∗(D \P1) = 1 and Z (D \P1) ≥ 1. By (i) of
Lemma 2.5, every z ∈ z(D) has that w∗(D \P1, (3ℓ+1)z +ℓ),w
∗(D \P1, (3ℓ+1)z +2ℓ) <
6
7 . To maintain
that (D,w∗) dominatesCn,[ℓ], it follows that w
∗(P1, (3ℓ+1)z+ℓ),w
∗(P1, (3ℓ+1)z+2ℓ) >
1
7 . Without loss
of generality assume 0 ∈ z(D). Then Lemma 2.9 shows that either 1 ∈ K or m−1 ∈ K . Suppose 1 ∈ K and
consider d1 ∈ P2. Then by (ii) of Lemma 2.5, w
∗(D \ (P1 ∪d1),ℓ) <
17
28 and w
∗(D \ (P1 ∪d1),2ℓ) <
5
14 . To
ensure that ℓ and 2ℓ receive sufficient weight from D, the following conditions must hold
w∗(P1∪d1,ℓ) >
11
28
, (2.6)
w∗(P1∪d1,2ℓ) >
9
14
. (2.7)
Since w∗(P1,ℓ),w
∗(P1,2ℓ) >
1
7 , it follows that w
∗(d1,ℓ) ≥
1
4 and w
∗(d1,2ℓ) ≥
1
2 , satisfy (2.6) and (2.7).
This implies that d1 ∈ [3ℓ+1,4ℓ]. Let dm−1 = Im−1∩D and note that a similar argument gives that dm−1 ∈
[(3ℓ+1)(m−1)+2ℓ+1,(3ℓ+1)(m−1)+3ℓ]. Additionally, through a similar argument with respect to P2,
it can be shown that d ′1 ∈ [3ℓ+1,4ℓ]. Now consider the case when m−1 ∈ K . For dm−1,d
′
m−1 ∈ Im−1∩D
and d1 ∈ I1∩D, a symmetric argument gives that dm−1,d
′
m−1 ∈ [(3ℓ+1)(m−1)+2ℓ+1,(3ℓ+1)(m−1)+3ℓ]
and d1 ∈ [3ℓ+1,4ℓ].
The following lemma shows that if there are two exponential dominating vertices that are within a
certain distance of each other, then there exists a shift of these two vertices that creates a new exponential
dominating set.
Lemma 2.11. Let D be an exponential dominating set for Cn,[ℓ]. Suppose that there exists i , j ∈ D such
that i < j and dH (i , j ) ≤ ℓ+1. Consider S = (V (Cn,[ℓ]) \D)∩ [ j +ℓ, i −ℓ]. Let a0,b0 ∈ S so that dH (a0, i −
ℓ) < dH (a, i −ℓ) for every a ∈ S \ a0 and dH (b0, j +ℓ) < dH (b, j +ℓ) and for every b ∈ S \b0. Then D
′ =
(D \ {i , j })∪ {a,b} is an exponential dominating set.
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Proof. Consider D ′ = (D \ {i , j })∪ {a0,b0}. As dH (i −ℓ, j +ℓ) ≤ 3ℓ+1, Remark 2.2 shows that i −ℓ, j +ℓ
exponentially dominates [i −ℓ, j +ℓ]. Then w∗(D ′,u)≥ 1 for all u ∈ [a0,b0]. Let v ∈V (Cn,[ℓ])\[a0,b0] and
without loss of generality, suppose that w∗(i ,v)≥w∗( j ,v). Observe that w∗(i ,v)+w∗( j ,v)≤ 2w∗(i ,v)≤
w∗(a0,v), which implies that w
∗(D,v)≤w∗(D ′,v). Thus D ′ is an exponential dominating set.
2.2 Main Results
The main results of this paper consists of the following two theorems. Theorem 2.12 determines the
structure of the minimum porous exponential dominating set for Cn,[ℓ], when 3ℓ+ 1 divides n. In this
proof, all but one case is shown to either have a porous exponential dominating set that is notminimum,
or to have a set of vertices that is not a porous exponential dominating set. Theorem 1.2 determines the
explicit formula for γ∗e (Cn,[ℓ]) and γe(Cn,[ℓ]). In this proof Theorem 2.12 and Remark 2.2 to determine a
lower bound for γ∗e (Cn,[ℓ]) and upper bound for γe(Cn,[ℓ]), respectively. Additionally (1.1) is used to link
γ∗e (Cn,[ℓ]) and γe(Cn,[ℓ]).
Theorem 2.12. Let n = (3ℓ+ 1)m ≥ 6ℓ+ 2. Let D is a minimum exponential dominating set for Cn,[ℓ],
and I be a partition such that I =
⋃m−1
i=0
Ii , where Ii = [(3ℓ+1)i , (3ℓ+1)i +3ℓ]. Then f
∗(D,ℓ) = 1 and
Z (D,ℓ)= 0 for any partition I . Furthermore, D is unique up to isomorphism.
Proof. Let D be an exponential dominating set for Cn,[ℓ]. For the sake of simplicity, let f (D) = f (D,I ),
f ∗(D)= f ∗(D,I ) and Z (D)= Z (D,I ). Through induction, we show the contrapositive of the statement:
if 2≤ f ∗(D)+Z (D)≤ 3ℓ+1, then D cannot be a minimum exponential dominating set.
BC 1 Suppose that f ∗(D) ≥ 2 and Z (D) = 0. Through counting the exponential dominating vertices, it
follows that |D| ≥m+1. Remark 2.3, shows that there exists an exponential dominating set D∗ for
Cn,[ℓ] such that |D
∗| =m. Therefore D cannot be a minimum exponential dominating set.
BC 2 Suppose that f ∗(D) = 1 and Z (D) ≥ 1. By (i) of Lemma 2.5, there exists 2ℓ ∈ V (Cn,[ℓ]) such that
w∗(D,2ℓ)< 6
7
. Thus it is not possible for 2ℓ to receive sufficient weight from D, which implies that
D is not an exponential dominating set.
Assume that if 2≤ f ∗(D)+Z (D)<α, thenD is not aminimumexponential dominating set. Now suppose
f ∗(D)+Z (D)=α. We have the following three cases:
1. Suppose that 4 ≤ f ∗(D) ≤ 3ℓ+1. Then by Remark 2.4 we have that Z (D) ≥ 3. With D and I , we
construct D ′ ⊂ V (Cn,[ℓ]) using Algorithm 2.6. Then Lemma 2.7 shows that D
′ is an exponential
dominating set such that Z (D) = Z (D ′)−2, f ∗(D)−2 ≤ f ∗(D ′) ≤ f ∗(D), and |D| = |D ′|. Therefore
Z (D ′) ≥ 1 and 2 ≤ f ∗(D)− 2 ≤ f ∗(D ′) ≤ f ∗(D). This implies that 3 ≤ f ∗(D ′)+ Z (D ′) ≤ α− 1. By
the induction hypothesis, D ′ is not a minimum exponential dominating set. Thus D cannot be a
minimum exponential dominating set.
2. Suppose that f ∗(D) = 3. Then by Remark 2.4, Z (D) ≥ 2. With D and I , construct D ′ ⊂ V (Cn,[ℓ])
using Algorithm 2.6. Then Lemma 2.7 shows that D ′ is an exponential dominating set such that
Z (D)= Z (D ′)−2, f ∗(D)−2≤ f ∗(D ′)≤ f ∗(D), and |D| = |D ′|. Therefore Z (D ′)≥ 0 and 1≤ f ∗(D ′)≤
3. Consider the following three subcases:
(a) Consider the case when f ∗(D ′) ≥ 1 and Z (D ′) ≥ 1. Then we have that 2 ≤ f ∗(D ′)+ Z (D ′) ≤
α−1. By the induction hypothesis, D ′ is not aminimum exponential dominating set. Thus D
cannot be a minimum exponential dominating set.
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(b) Consider the case when f ∗(D ′)= 1 and Z (D ′)= 0. This implies that there exists Ii , I j , Ik ⊂I
for which fi (D)= fk (D)= 0, f j (D)= 3, and ft (D)= 1 for all remaining It ⊂I . By Lemma 2.8,
D is not an exponential dominating set.
3. Suppose that f ∗(D) = 2. Then Z (D)≥ 1 by Remark 2.4. Without loss of generality we assume that
the interval I0 = [0,3ℓ] has f0(D) = 0. Lemma 2.9 show that either the intervals I1 and Im−1 have
that f1(D)= 2 or fm−1(D)= 2.Without loss of generality, suppose that f1(D)= 2. Let I1∩D = {d0,d1}
and let di = Ii ∩D for all 2≤ i ≤m−1. Then consider the following two cases:
(a) Suppose that Z (D)≥ 2. By Lemma 2.10, d0,d1 ∈ [3ℓ+1,4ℓ]. Consider D
′ = (D \{d0,d1})∪{d0−
ℓ,d1+ℓ} and Lemma 2.11 shows that D
′ is an exponential dominating set. By construction,
we know that d0−ℓ ∈ I0 and d1+ℓ ∈ I1. Thereforewe have that |D| = |D
′|, f1(D
′)= 1, f0(D
′)= 1,
and ft (D
′) = ft (D) for all remaining It ⊂ I . This implies that Z (D
′) ≥ 1 and 1 ≤ f ∗(D ′) ≤ 2.
Then we have that 2 ≤ f ∗(D ′)+ Z (D ′) ≤ α−1. By our induction hypothesis, D ′ is not a min-
imum exponential dominating set. Thus, D cannot be a minimum exponential dominating
set.
(b) Suppose that Z (D) = 1. Then fi (D) = 1 for 2 ≤ i ≤ m − 1. Observe that by Lemma 2.10 the
minimum requirement on d0,d1,dm−1 to ensure that I0 gets exponentially dominated by D
is that d0,d1 ∈ [4ℓ−1,4ℓ] and dm−1 = (3ℓ+1)(m−1)+2ℓ+1. Through symmetry of the above
argument, the minimum requirement to ensure that the interval [4ℓ+1,7ℓ+1] is exponen-
tially dominated is that d2 = 8ℓ+ 1. Fix j0 such that 3 ≤ j0 ≤ m − 1, and suppose that the
interval [(3ℓ+ 1)( j0 − 1)+ 2ℓ, (3ℓ+ 1) j0 + 2ℓ− 1] contains no members of D. Let d ∈ {d0,d1}
and notice that there is one member of D \d in every nonempty interval. Therefore f ∗(D \
d ) = 1 and Z (D \d ) ≥ 0. By (i) of Lemma 2.5, w∗(D \d , (3ℓ+1) j0 <
6
7
. This condition forces
w∗(d , (3ℓ+ 1) j0) >
1
7
. However d ∈ I1, so w
∗(d , (3ℓ+ 1) j0) <
1
7
. This gives that w∗(D, (3ℓ+
1) j0) < 1, a contradiction. Therefore the minimum requirement to ensure [(3ℓ+1)( j0−1)+
2ℓ, (3ℓ+1) j0+2ℓ−1] is exponentially dominated is that d j0 = (3ℓ+1) j0+2ℓ−1. This implies
(3ℓ+1)(m −1)+2ℓ−1,(3ℓ+1)(m −1)+2ℓ ∈ Im−1∩D, which contradicts that fm−1(D) = 1.
Therefore (3ℓ+1)(m−1)+2ℓ−1 6∈ D and w∗(D, (3ℓ+1)(m−1)) < 1. Thus it is not possible
for (3ℓ+ 1)(m − 2)+ 3ℓ to receive sufficient weight from D, which implies that D is not an
exponential dominating set.
Through induction, it has been shown that if f ∗(D)+ Z (D) ≥ 2, then D is not a minimum exponential
dominating set. Therefore if D is an exponential dominating set, then |D| = m such that f ∗(D) = 1 and
Z (D)= 0 for all 3ℓ+1 distinct partitions I . What is left to show is that D is unique up to isomorphism.
Suppose that 0 ∈D and fix the remaining members of D. Let I0 ∈I such that I0 = [0,3ℓ]. Therefore none
of the remaining elements of I0 can be members of D. Shift the partition by one step to construct the
interval I ′0 = [1,3ℓ+1]. Note that |I
′
0∩D| = 1 and 2,3, . . . ,3ℓ 6∈D, so we must have 3ℓ+1 ∈D. Continuing
this argument gives that D = {(3ℓ+1)k : 0≤ k ≤m−1}. Thus D is unique up to isomorphism.
Proof of Theorem 1.2: Let n = (3ℓ+ 1)m + r and D be a porous exponential dominating set for Cn,[ℓ]
such that |D| ≤m. In the case where r = 0, Theorem 2.12 shows that D is a minimum porous exponential
dominating set such that |D| =m. Remark 2.2 shows that D forms a non-porous exponential dominating
set. Thus using (1.1) we have that
n
3ℓ+1
≤ γ∗e (Cn,[ℓ])≤ γe(Cn,[ℓ])≤
n
3ℓ+1
.
Consider the case when r > 0. We first partition H into m+1 intervals. Then notice that there must be
at least one interval that contains no dominating vertices. We choose the partition I =∪mi=0Ii around H
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such that Ii = [(3ℓ+1)i , (3ℓ+1)i+3ℓ] for 0≤ i ≤m−1, Im = [(3ℓ+1)m, (3ℓ+1)m+r −1], and fm+1(D)= 0.
Consider the graph Cn′,[ℓ], where n
′ = (3ℓ+1)m. We define the vertexmap ϕ :V (Cn,[ℓ])→V (Cn′ ,[ℓ]) such
that ϕ(i ) = i for every i ∈ {0,1, . . . ,n′− 1}. Let i , j ∈ V (Cn,[ℓ]). As dH (ϕ(i ),ϕ( j )) ≤ dH (i , j ), it follows that
D forms an exponential dominating set for Cn′,[ℓ]. Theorem 2.12 shows that a minimum exponential
domination set of for Cn′,[ℓ] must have cardinality m and is unique up to isomorphism. As |D| ≤ m, D
must form aminimum exponential dominating set forCn′,[ℓ] with |D| =m. Without loss of generality, let
D = {(3ℓ+ 1)t : 0 ≤ t ≤ m− 1}. See Figure 2.6 for an illustration of D and the mapping ϕ. With regards
|
Im−2
|
Im−1
|
Im
|
I0
|
I1
|Cn,[ℓ]
ϕ
| | |
0 3ℓ
| |Cn′ ,[ℓ]
Figure 2.6: Illustration of ϕ, with edges removed and D ⊂V (Cn′ ,[ℓ]) defined
to Cn,[ℓ], D remains fixed since Im ∩D = ;. Consider the intervals I0 = [0,3ℓ] and I1 = [3ℓ+ 1,6ℓ+ 1].
By construction, 0,3ℓ+ 1 ∈ D. Now shift the partition I so that Ik = [(3ℓ+ 1)k + r + 1,(3ℓ+ 1)k + 3ℓ+
r +1 mod n] for 0≤ k <m and Im = [(3ℓ+1)m+ r +1 mod n, (3ℓ+1)m+2r mod n]. Under ϕ, notice
that dH (ϕ(0),ϕ(3ℓ)) = 3ℓ+ 1− r. This shows that D is not unique up to isomorphism in Cn′ ,[ℓ], which
contradicts Theorem 2.12. Therefore D cannot to be an exponential dominating set, see Figure 2.7 for an
illustration of this contradiction. Consider D ′ =D ∪ v, where v ∈ Im . Observe that dH (dk ,dk+1) ≤ 3ℓ+1
|
Im−1
|
Im
|
I0
|
I1
|Cn,[ℓ]
ϕ
| |
0 r 3ℓ
| |Cn′,[ℓ]
Figure 2.7: Illustration of why D is not an exponential dominating set, with edges removed
for consecutive dk ,dk+1 mod n ∈D
′. An application of Remark 2.2 shows thatD ′ is a porous exponential
dominating set for Cn,[ℓ] where |D
′| = m+1. Therefore D ′ must be minimum. Additionally, Remark 2.2
shows that D ′ forms a non-porous exponential dominating set. Thus using (1.1) we have that⌈ n
3ℓ+1
⌉
≤ γ∗e (Cn,[ℓ])≤ γe(Cn,[ℓ])≤
⌈ n
3ℓ+1
⌉
.
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